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PREFACE 
During 1979- 198 1 ,  e r o s i o n  p roces se s  w e r e  t h e  c e n t r a l  theme 
o f  t h e  Environmental  Problems o f  A g r i c u l t u r e  t a s k  o f  t h e  Resources 
& Environment Area o f  IIASA. A t  p r e s e n t  t h e r e  a r e  s e v e r a l  ways 
o f  approaching t h i s  problem. Some of them i n c l u d e  c o n s i d e r a t i o n  
o f  t h e  p h y s i c a l  p roces se s  which c o n s t i t u t e  t h e  e r o s i o n  p roces s .  
S o i l  e r o s i o n  and p o l l u t i o n  o f  w a t e r  r e s o u r c e s  a r e  very  c l o s e l y  
connected t o  s u r f a c e  runof f  from a g r i c u l t u r a l  f i e l d s ,  t h e r e f o r e  
mathemat ica l  models o f  s u r f a c e  runoff  can  c a l c u l a t e  bo th  n e g a t i v e  
consequences. This  i s  why t h e  a n a l y s i s  of  s u r f a c e  runoff  is  
impor t an t .  
V. Svet losanov  
Task Leader 
Land & Landcover Resources 
Resources & Environment Area 

ABSTRACT 
A mathemat ica l  model of s u r f a c e  r u n o f f  i s  p r e s e n t e d  which 
i s  o f  use  i n  b u i l d i n g  a  model of e r o s i o n  p r o c e s s e s .  The method 
used f o r  d e r i v i n g  t h e  c o n c e p t u a l  model of s u r f a c e  r u n o f f  i s  based  
on t h e  mathemat ica l  e x p r e s s i o n  o f  t h e  b a s i c  l aws  o f  movement o f  
water - - the  e q u a t i o n  o f  c o n t i n u i t y  and t h e  e q u a t i o n  o f  mot ion .  
Both e q u a t i o n s  form a  sys tem o f  n o n l i n e a r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n s  w i t h  two unknown f u n c t i o n s  e x p r e s s i n g  t h e  d e p t h  and 
v e l o c i t y  o f  t h e  movement o f  w a t e r  a l o n g  t h e  s l o p e ,  i n  dependence 
on t h e i r  l o c a t i o n  on t h e  s l o p e ,  and t i m e .  The i n p u t  v a r i a b l e s  
o f  t h e  model a r e  t h e  i n t e n s i t y  and d i r e c t i o n  o f  t h e  impinging 
r a i n d r o p s ,  t h e  i n t e n s i t y  o f  i n f i l t r a t i o n  and t h e  p h y s i c a l  cha rac -  
ter is t ics  o f  t h e  s l o p e  ( g r a d i e n t ,  l e n g t h  and p r o p e r t i e s  o f  s o i l  
s u r f a c e ) .  E x t e n s i v e  l a b o r a t o r y  exper iments  have  been  c a r r i e d  
o u t  t o  d e t e r m i n e  t h e  f u n c t i o n a l  dependence o f  t a n g e n t i a l  stress 
on t h e  d e p t h  and r a t e  o f  r u n o f f  from d i f f e r e n t  t y p e s  o f  s o i l  
s u r f a c e s .  
F u r t h e r ,  t h e  c o n c e p t u a l  model o f  s u r f a c e  r u n o f f  h a s  been 
s i m p l i f i e d  t o  a  k i n e m a t i c  one  by u s i n g  a  s i m p l e  r e l a t i o n  between 
d e p t h  and r a t e  o f  s u r f a c e  r u n o f f  i n s t e a d  o f  t h e  e q u a t i o n  o f  motion.  
Two e m p i r i c a l  p a r a m e t e r s  o f  t h i s  r e l a t i o n  have  been determined 
by u s i n g  d a t a  from t h e  above mentioned l a b o r a t o r y  e x p e r i m e n t s  
d u r i n g  c a l i b r a t i o n  o f  t h e  k i n e m a t i c  model. The k i n e m a t i c  model 
i s  recommended because  o f  i t s  s i m p l i c i t y  w i t h  r e g a r d  t o  s i m u l a t i o n  
o f  t h e  s u r f a c e  r u n o f f  fo rmat ion  from i n d i v i d u a l  s l o p e s  w i t h i n  t h e  
wa te r shed .  
The model i s  a  m u l t i p u r p o s e  one.  I t  may b e  used e i t h e r  f o r  
h y d r o l o g i c a l  purposes  ( s i m u l a t i o n  o f  s u r f a c e  r u n o f f  c h a r a c t e r i s -  
t i c s )  o r  f o r  s o i l  c o n s e r v a t i o n  purposes .  The model o u t p u t s  a r e  
s u r f a c e  c h a r a c t e r i s t i c s  ( d e p t h ,  v e l o c i t y ,  r a t e ) .  I t  i s  p o s s i b l e  
by comparing t h e  s u r f a c e  r u n o f f  v e l o c i t y  w i t h  t h e  c r i t i c a l  non- 
s c o u r i n g  v e l o c i t y  f o r  g i v e n  f i e l d  c o n d i t i o n s  t o  d e t e r m i n e  t h e  
c r i t i c a l  s l o p e  l e n g t h  which i s  t h e  b a s i s  f o r  p l a n n i n g  e f f i c i e n t  
s o i l  c o n s e r v a t i o n  measures.  
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ANALYSIS OF SURFACE RUNOFF 
M. ~ 0 1 9 ,  J. Vsska, 
K. vrdna  and J. M l s  
INTRODUCTION 
The b a s i c  approach t o  t h e  a n a l y s i s  o f  t h e  c o n d i t i o n s  n e c e s s a r y  
f o r  e f f i c i e n t  a g r i c u l t u r e  i s  t o  s t u d y  t h e  r e l a t i o n s  between s o i l ,  
w a t e r ,  v e g e t a t i o n ,  and t h e  a tmosphere .  An i m p o r t a n t  p a r t  o f  
such s t u d i e s  i s  t h e  a n a l y s i s  o f  s u r f a c e  r u n o f f ,  e s p e c i a l l y  w i t h  
r e s p e c t  t o  t h e  t r a n s p o r t  p r o c e s s e s  c a u s e d  by f lowing  w a t e r .  
These p r o c e s s e s ,  namely t r a n s p o r t a t i o n  of s u b s t a n c e s  d e t a c h e d  
by e r o s i o n  ( s o i l  p a r t i c l e s ,  m i n e r a l  f e r t i l i z e r s ,  p e s t i c i d e s ,  
e tc . )  c a u s e  s o i l  d e g r a d a t i o n  on one  s i d e  and p o l l u t i o n  o f  w a t e r  
r e s o u r c e s  on  t h e  o t h e r .  The consequences o f  s o i l  e r o s i o n  on 
a g r i c u l t u r a l  p r o d u c t i o n  a r e  more s e r i o u s ,  t h e r e f o r e ,  t h e  
Resources and Environment Area o f  IIASA focused  i t s  a t t e n t i o n '  
on s o i l  e r o s i o n  problems,  b o t h  on t h e  r e g i o n a l  and g l o b a l  s c a l e .  
One o f  t h e  b a s i c  problems i n  t h i s  f i e l d  is  t h e  a n a l y s i s  o f  
s u r f a c e  r u n o f f .  
A number o f  s o l u t i o n s  of  t h e s e  models have been o f f e r e d  
(Cla rke ,  1973) .  T h e i r  a p p l i c a b i l i t y  depends mainly on how they  a r e  i n  
accordance  w i t h  t h e  n a t u r a l  laws o f  t h e  movement o f  w a t e r  o r  t o  
t h e  e x t e n t  and r e l i a b i l i t y  o f  t h e  d a t a  ba se  u s e d .  Fo r  e v a l u a t i o n  
o f  v a r i o u s  h y d r o l o g i c  models f o r  de t e rmina t i on  o f  t h e  amount 
and c o u r s e  o f  t h e  s u r f a c e  runo f f  and e r o s i o n  models u s i n g  s u r f a c e  
runof f  a s  one o f  t h e  most impor t an t  i n p u t  d a t a  f o r  f u r t h e r  c a l -  
c u l a t i o n s ,  it  i s  u s e f u l  t o  ana lyze  t h e  s u r f a c e  runo f f  from t h e  
v iewpoin t  o f  p h y s i c a l  laws and e v a l u a t e  whe ther  t h e  models used 
f o r  v a r i o u s  purposes  cor respond  t o  t h e s e  unchangeable n a t u r a l  
laws. 
1. ANALYSIS OF SURFACE RUNOFF 
The o v e r l an d  f low of w a t e r  i s  based  on t h e  p h y s i c a l  laws 
o f  i t s  movement. The laws on t h e  c o n s e r v a t i o n  of m a t t e r  and 
momentum ap p l y  t o  w a t e r  runn ing  o f f  t h e  s l o p e .  From t h e s e  
r e l a t i o n s ,  t h e  e q u a t i o n  o f  c o n t i n u i t y  and t h e  e q u a t i o n  o f  movement 
a r i s e .  
1.1 Equat ion o f  C o n t i n u i t y  
The f i r s t  s t a g e  o f  t h e  ove r l and  movement o f  w a t e r  - s h e e t  
s u r f a c e  r u n o f f  - may b e  s t u d i e d  i n  t h e  C a r t e s i a n  co -o rd ina t e  
sys tem (F i g u r e  1  ) . 
For  mathemat ica l  e x p r e s s i o n  o f  t h e  b a s i c  r e l a t i o n s  w e  assume 
t h a t  
- t h e  s u r f a c e  o f  t h e  s l o p e  i s  a  p l a n e  forming a n g l e  a 
- t h e  l e n g t h  o f  t h e  s l o p e  i s  u n l i m i t e d  
- t h e  i n t e n s i t y  o f  r a i n f a l l  i s  even on t h e  whole s l o p e  
and i s  o n l y  a f u n c t i o n  o f  t i m e  
Figure  1 .  D i a g r a m i l l u s t r a t i n g  Equation of  Con t inu i ty  
- t h e  i n f i l t r a t i o n  r a t e  of  wa te r  i n t o  t h e  s o i l  i s  only 
a  f u n c t i o n  of t i m e  f o r  given s o i l  c o n d i t i o n s  
I n  F igure  1:  
X i s  t h e  coo rd ina t e  a x i s  i n  t h e  d i r e c t i o n  o f  t h e  s u r f a c e  runoff  
(Ca r t e s i an  coo rd ina t e s  w e r e  used) 
Y - t h e  coo rd ina t e  a x i s  pe rpend icu la r  t o  t h e  d i r e c t i o n  
of  runof f  
a - t h e  g r a d i e n t  of  t h e  s l o p e  
h  - t h e  h e i g h t  o f  t h e  s u r f a c e  runoff  (it i s  t h e  func t ion  
of p o s i t i o n  and t i m e  h  (x,  t) ) 
- 
u  - t h e  average v e l o c i t y  of  s u r f a c e  runoff  i n  t h e  d i r e c t i o n  
o f  t h e  X-axis 
r ( t )  - t h e  i n t e n s i t y  of  r a i n f a l l  
i (t) - t h e  i n t e n s i t y  of i n f i l t r a t i o n .  
The f low v e l o c i t y  o f  w a t e r  changes w i t h  t h e  change o f  
x , y , t .  I f  i s  t h e  v e c t o r  o f  t h e  v e l o c i t y  o f  w a t e r  r u n n i n g  
down t h e  s l o p e  it a p p l i e s  t h a t  
where 
u  i s  t h e  component o f  w a t e r  v e l o c i t y  i n  t h e  d i r e c t i o n  o f  X 
v  - t h e  component o f  w a t e r  v e l o c i t y  i n  t h e  d i r e c t i o n  o f  Y;  
a n a l y z i n g  t h e  movement o f  w a t e r  i n  t h e  d i r e c t i o n  o f  X I  
t h e  component y may be n e g l e c t e d .  
From t h e  law on t h e  c o n s e r v a t i o n  o f  mass, it f o l l o w s  t h a t  i n  
s e c t i o n  < x , x  + Ax> t h e  d i f f e r e n c e  between t h e  w a t e r  f l o w i n g  i n  
and f l o w i n g  o u t  e q u a l s  t h e  inc rement  o f  i t s  volume. The i n c r e m e n t  
i s  e i t h e r  p o s i t i v e  o r  n e g a t i v e  depending on which o f  t h e  two 
components,  i . e .  t h e  i n f l o w  o r  t h e  o u t f l o w ,  is  t h e  p r e v a l e n t  
f a c t o r .  
The amount o f  w a t e r  which f lows  i n t o  t h e  c o n s i d e r e d  s e c t i o n  
a t  a  t i m e  i n t e r v a l  <t, t  + A t >  may be e x ~ r e s s e d  by t h e  i n t e g r a l  
, t + d t  ,h (x, t)  
A t  t h e  same t i m e  i n t e r v a l  t h e  r u n o f f  from t h e  same s e c t i o n  
The amount of  wa te r  i n  t h e  s e c t i o n  < x , x  + Ax> w i l l  i n c r e a s e  
by p r e c i p i t a t i o n  
and w i l l  b e  reduced by i n f i l t r a t i o n  of wa te r  i n t o  t h e  s o i l  by 
The volume of  wate r  i n  the s e c t i o n  < x , x  + Ax> i n  t i m e  t i s  
and analogically i n  t i m e  t + A t  
According t o  t h e  law on t h e  conse rva t ion  o f  m a t t e r  t h e  
volume of  wate r  i n  t h e  s e c t i o n  < x , x  + Ax> i s  
I f  w e  i n t roduce  t h e  mean p r o f i l e  v e l o c i t y  of t h e  s u r f a c e  
runoff  i n t o  f u r t h e r  c a l c u l a t i o n s  
w e  may s i m p l i f y  e q u a t i o n  (8) by 
- 
I f  w e  assume t h a t  h ,  u ,  v ,  r ,  i have c o n t i n o u s  d e r i v a t i v e s  
o f  t h e  second o r d e r  w i t h  r e s p e c t  t o  t h e i r  co r r e spond ing  v a r i a b l e s ,  
it i s  p o s s i b l e  t o  w r i t e  
- - - a i i  2  i a u  
u(x+Ax. t )  = u ( x , t ) +  = ( x , f ) A x  + T ( O , f ) ~ x  2  I 
ax 
where O a r e  c e r t a i n  v a l u e s  from s e c t i o n  < x , x  + Ax> and i n t e r v a l  
<t,t  + A t > .  
Using e q u a t i o n s  ( l o ) ,  ( 1 1 ) ,  (121, and (13) w e  may o b t a i n  
I f  assumpt ion o f  co n t i nuous  d e r i v a t i v e s  o f  t h e  second o r d e r  
o f  t h e  f u n c t i o n s  mentioned i s  v a l i d ,  it e x i s t s  i n  t h e  i n t e r v a l  
<t,t  + A t >  such a  v a l u e  t l ,  and i n  t h e  s e c t i o n  < x , x  + Ax> such 
a  v a l u e  x l  , t h a t  e q u a t i o n  ( 1  4 )  may be  w r i t t e n  a s  
By d i v i d i n g  e q u a t i o n  ( 1 5 )  by t h e  e x p r e s s i o n  A x  A t  and u s i n g  
t h e  l i m i t  p r o c e s s  f o r  Ax -t 0  and A t  -t 0 ,  t h e  e q u a t i o n  o f  c o n t i n u i t y  
i s  o b t a i n e d  
1  .2 Equa t ion  o f  Movement 
The e q u a t i o n  o f  movement o f  t h e  s u r f a c e  w a t e r  may b e  d e r i v e d  
from Newton's second law of  motion s t u d y i n g  t h e  f o r c e s  which a c t  
on w a t e r  i n  t h e  e l e m e n t a r y  s e c t i o n  o f  t h e  i n v e s t i g a t e d  s l o p e  
( F i g u r e  2 )  . 
F i g u r e  2 .  Diagram f o r  Equa t ion  o f  Motion 
I n  F igure  2 :  
F1 i s  t h e  f o r c e  exp res s ing  g r a v i t y  of  wate r  i n  t h e  
e lementary s e c t i o n ;  
F2 - t h e  p r e s s u r e  f o r c e  a c t i n g  on wa te r  i n  t h e  e lementary 
s e c t i o n  a t  d i s t a n c e  x  + Ax; 
F3 - t h e  p r e s s u r e  f o r c e  a c t i n g  on wate r  i n  t h e  e lementary 
s e c t i o n  a t  d i s t a n c e  x; 
Fq - t h e  f r i c t i o n  f o r c e ;  
F5 - t h e  f o r c e  coming from water  drops  impinging on t h e  
e lementary s e c t i o n .  
The a c t i n g  f o r c e s  may be  expressed a s  fo l lows:  
F1 s i n  a = A m g  s i n  a  , 
where Am i s  t h e  mass of wa te r  i n  t h e  e lementary s e c t i o n  
where P i s  t h e  d e n s i t y  of wate r  
F l s i n a  = p g s i n a  h  (f ,  t)  d f  lx+ Ax I 
where p  i s  t h e  t o t a l  h y d r o s t a t i c  p r e s s u r e  of  wa te r ,  p ( x , y , t ) ,  
E x p r e s s i n g  t h e  f o r c e  F4,  w e  c o n s i d e r  t h a t  t h e  i n n e r  f r i c t i o n  
o f  w a t e r  may b e  n e g l e c t e d  and t h a t  t h e  f r i c t i o n  o f  w a t e r  f l o w i n g  
o v e r  t h e  s l o p e  s u r f a c e  i s  t h e  o n l y  f o r c e  a c t i n g  a g a i n s t  i t s  
movement. T h i s  f o r c e  i s  i n  l i n e a r  p r o p o r t i o n a l i t y  w i t h  t h e  
a r e a  o f  f r i c t i o n .  
Then 
where T i s  t h e  f u n c t i o n  e x p r e s s i n g  t a n g e n t i a l  stress, T (h,;) .  
To d e t e r m i n e  t h e  f o r c e  F5 w e  may u s e  t h e  b a s i c  r e l a t i o n  
f o r  t h e  f o r c e  impulse  (Chow, 1967; Chow and Ten, 1 9 6 8 ) :  
I f  t h e  number of r a i n d r o p s  impinging a t  t i m e  i n t e r v a l  A t  on t h e  
s e c t i o n  Ax i s  - n,  t h e  mass o f  e v e r y  r a i n d r o p s  is  m - and v e l o c i t y  o f  
t h e  impingement o f  r a i n d r o p s  v* ( B i s a l ,  1960 ; Laws, 194 1  ) , t h e  t i m e  
e f f e c t  o f  t h e  f o r c e  a c t i n g  on t h e  g i v e n  s e c t i o n  may b e  e x p r e s s e d  a s  
If t h e  u n i t  o f  volume c o n t a i n s  4 r a i n d r o p s  
rP * n =  A t v  Ax c o s  
t h e  i n t e n s i t y  of  impinging r a i n d r o p s  may b e  e x p r e s s e d  a s  
m * r = - nPv cos ~1 . 
P 
From e q u a t i o n s  ( 2 4 ) ,  (251,  and (26)  it f o l l o w s  t h a t  
* F5 = A X  P r ( t ) v  (t) . 
This  f o r c e  a c t s  i n  t i m e  t on s e c t i o n  Ax of t h e  s u r f a c e  i n  a  
pe rpend icu l a r  d i r e c t i o n .  
I f  t h e  f o r c e s  F1, F2,  F3, F,,,F5 a r e  known, Newton's law 
of  motion 
may b e  a p p l i e d  f o r  t h e  i n v e s t i g a t e d  c a s e  a s  
dii A* = d t  F1 s i n  a - F2 + F3 - F4 + F5 s i n  a . 
To g e t  an  e q u a t i o n  of motion it i s  convenien t  t o  m u l t i p l y  
I 
e q u a t i o n  (29)  by - PAX and de te rmine  t h e  l i m i t s  of  t h e  l e f t -  and 
r i g h t - s i d e  of  t h e  e q u a t i o n  f o r  Ax + 0.  But  f i r s t  o f  a l l  it i s  
necessa ry  t o  exp re s s  t h e  t o t a l  p r e s s u r e  of  w a t e r  i n  t h e  e lementa ry  
s e c t i o n .  According t o  Chen Cheng Lung and Ven T e  Chow (1968) 
t h e  t o t a l  h y d r o s t a t i c  p r e s s u r e  i s  
To this, t h e  p r e s s u r e  caused by t h e  impinging r a i n d r o p s  
must be  added - t h i s  p r e s s u r e  i s  
Coming ove r  t o  t h e  l i m i t  f o r  Ax + 0  [wi th  (32) i n  
t h e  e x p r e s s i o n s  ( 2 0 ) ,  (21)  f o r  F2,F3] w e  g e t  - i n  a s i m i l a r  way, 
a s  i n  ( 1 5 ) ,  (16) - t h e  e q u a t i o n  o f  motion f o r  t h e  s u r f a c e  runof f  
i n  t h e  form 
ah * ah 
= g s i n  a  h ( x , t )  - g c o s  a  h ( ~ , t ) ~ ( x , t )  - g c o s  a  h  ( t ) = ( x , t )  - 
I n  e q u a t i o n  (33)  
2. A DETERMINISTIC MODEL OF SURFACE RUNOFF 
From t h e  e q u a t i o n  o f  c o n t i n u i t y  (16)  it f o l l o w s  by a  
s t a t i o n a r y  c a s e  t h a t  
and from t h i s  e q u a t i o n  
I f  w e  i n t r o d u c e  (36) f o r  h ( x )  i n t o  t h e  e q u a t i o n  o f  motion 
(33)  w e  g e t  a  d i f f e r e n t i a l  e q u a t i o n  f o r  a  s t a t i o n a r y  c a s e  which 
may b e  w r i t t e n  
2  - * -2 
du g s i n  a  (r-i) xu - g c o s  a (r-i)  xu - g c o s  a  h  (r-i) u  - 
- 
-
dx * ( r - i ) x i 3  - g c o s  a  (r- i)  - g c o s  a  h  ( r - t ) x i  
8 8-3+B- 8 * C ( r - i )  x u  - 3  
- 
- r v  s i n a  u  
1 (37)  
* (r- i)  xu3 - g c o s  a ( r - i )  - g c o s  ah (r-i) xu 
T (h ti) 
assuming 8- B = C h u  . 
P 
I f  w e  de te rmine  i n i t i a l  and boundary c o n d i t i o n s  and t h e  
v a l u e s  C ,  B ,  8 f o r  this d e t e r m i n i s t i c  model w e  may o b t a i n  
s u r f a c e  runo f f  v a l u e  f o r  any p r o f i l e  o f  t h e  s l o p e  and t h e  t o t a l  
v a l u e  o f  runof f  i n  t h e  l owes t  p r o f i l e  o f  t h e  s l o p e .  
2.1 I n i t i a l  and Boundary Condi t ions  
Any c o n s i d e r a t i o n  o f  i n i t i a l  c o n d i t i o n s  must proceed from 
t h e  f a c t  t h a t  t h e  i n v e s t i g a t e d  s u r f a c e  runo f f  s t a r t s  i n  t i m e  t = 0. 
A t  t h i s  p o i n t  o f  t i m e ,  p r e c i p i t a t i o n  s t a r t s  a c t i n g  on t h e  s l o p e  
s u r f a c e  and s u r f a c e  runo f f  i s  formed. The unknown f u n c t i o n s  
have ze ro  v a l u e  f o r  a l l  x,  
Determinat ion of  t h e  boundary c o n d i t i o n s  depends on t h e  
d i s t a n c e  between t h e  i n v e s t i g a t e d  s e c t i o n  and t h e  w a t e r  d i v i d e  
o f  t h e  s l o p e .  For an  a r b i t r a r y  d i s t a n c e  o f  t h i s  s e c t i o n  from 
t h e  wa te r  d i v i d e  xo > x ,  it i s  neces sa ry  t o  determine 
i n  accordance w i t h  t h e  c o n d i t i o n s  a f f e c t i n g  t h e  fo rmat ion  o f  
t h e  s u r f a c e  runo f f .  
2.2 Determinat ion o f  Values C, 6 ,  f3 
The v a l u e s  C , 6 , B  e x p r e s s  t h e  r e l a t i o n  o f  t a n g e n t i a l  stress 
and t h e  dep th  and v e l o c i t y  o f  t h e  w a t e r  runn ing  down t h e  s l o p e .  
T i l l  now t h e  i n f l u e n c e  o f  t a n g e n t i a l  stress i n  t h e  cou r se  
o f  t h e  s h e e t  s u r f a c e  runo f f  ha s  n o t  been determined.  Some 
r e s u l t s  ga ined  i n  t h e  l a b o r a t o r y  (Karan toun ias ,  1 P 74; 
Wakhlu, 1970) a r e  d i f f i c u l t  t o  a c c e p t  f o r  f i e l d  c o n d i t i o n s .  The 
s u r f a c e  i n v e s t i g a t e d  under s imu la t ed  runo f f  w e r e  a r t i f i c i a l  
( s y n t h e t i c s ,  g l a s s ,  r u b b e r ,  e tc . ,  ) and t h e  r e l a t i o n  between them and 
s o i l  s u r f a c e  was n o t  f i x e d .  The c r i t e r i o n  o f  s i m i l a r i t y  o f  
s m a l l  l a b o r a t o r y  s u r f a c e s  (most ly  1  m x  1  m) t o  n a t u r a l  s o i l  
s u r f a c e  i s  n o t  known. 
I t  seems p o s s i b l e  t o  use  t h e  r e s u l t s  o f  t h e  l a b o r a t o r y  t e s t  
made by t h e  I n s t i t u t e  o f  Water and Land Reclamation a t  t h e  T ec hn i ca l  
U n i v e r s i t y  o f  Prague,  where tests w e r e  c a r r i e d  o u t  i n  a  t i l t i n g  
h y d r a u l i c  flume (Hal;, 1980; Holy/ e t  a l . ,  1981 - 9  m i n  l e n g t h ,  
1.5 m i n  w i d t h  - on s u r f a c e s  made by n a t u r a l  s o i l s  w i t h  v a r i o u s  
c h a r a c t e r i s t i c s  ( c l a y ,  loamy and sandy s o i l s ) .  The runo f f  was 
s i m u l a t ed  by w a t e r  coming o v e r  a  w e i r .  
By a  s i m u l a t ed  r u n o f f  w e  may n e g l e c t  t h e  i n f l u e n c e  o f  
impinging r a i n d r o p s .  From e q u a t i o n  (33)  w e  may d e r i v e  t h e  
r e l a t i o n  
g s i n a  h ( x , t )  = T ( h ,  3 
P 
T I f  - = v ,  w e  g e t  
P 
v ( h , i )  = g  h  ( x , t )  s i n  a . (43)  
To e x p r e s s  t h e  dependence of v o n  h  and i f  t h e  e x p r e s s i o n  
w a s  used. 
I n  this  c a s e ,  from e q u a t i o n  (43)  w e  g e t  
g s i n a  = C h  6-li6 
Through measurements ,  o b t a i n e d  v a l u e s  C , 6 , B  a r e  i n t r o d u c e d  
i n  T a b l e  1. 
T a b l e  1.  Va lues  C , 6 , B  o b t a i n e d  t h r o u g h  measurements  
Because  t h e  v a l u e s  o f  w a t e r  d i s c h a r g e  Q ,  and i t s  h e i g h t  
h w e r e  measured it i s  p o s s i b l e  t o  w r i t e  e q u a t i o n  ( 4 5 )  i n  t h e  
form 
- 
C 
6 
B 
g s i n  a = C Q' h Y  , (46 
S O I L  
C l a y  Loamy Sandy 
- 
0.01395 0.01676 0.01596 
-0.03551 -0.30406 -0.66759 
1.71434 1.85542 1.98857 
where y = 6 - 1  - B .  
From e q u a t i o n  ( 4 6 )  a  s y s t e m  of  e q u a t i o n s  w a s  o b t a i n e d ,  
t h e  s o l u t i o n  o f  which g i v e s  t h e  unknown v a l u e s  and  t h e r e f o r e  
a l s o  T f o r  d i f f e r e n t  s o i l s .  
3.  A KINEMATIC MODEL OF SURFACE RUNOFF 
The d e t e r m i n i s t i c  model o f  t h e  s u r f a c e  r u n o f f  may b e  
e x p r e s s e d  i n  a  s i m p l e r  way as it .is by e q u a t i o n s  ( 1 6 )  and (33)  
if w e  u s e  t h e  e q u a t i o n  (42)  a s  
T = p g h s i n  a , (47 )  
f o r  a  s t e a d y  un i fo rm f low o f  w a t e r  w i t h o u t  t h e  i n f l u e n c e  o f  
imping ing  r a i n d r o p s .  
I f  we t a k e  t h i s  equa t ion  i n t o  c o n s i d e r a t i o n  w i t h  t h e  b a s i c  
equa t ion  f o r  t a n g e n t i a l  stress 
where f t  i s  t h e  c o e f f i c i e n t  of f r i c t i o n ,  we g e t  
where C '  i s  t h e  Chezy c o e f f i c i e n t .  I t  may be cons idered  a s  w e l l  
a s  t h e  f r i c t i o n  c o e f f i c i e n t  f t  a s  t h e  func t ion  of Reynold's  
number and of t he  roughness of  s o i l  s u r f a c e .  I f  C '  i s  c o n s t a n t  
we may w r i t e  C1 = ~'m. 
The expres s ion  f o r  s u r f a c e  runoff  i s  
From equa t ions  (49) and (51 ) we g e t  
which may be  w r i t t e n  a s  
For t h e  laminar  flow 
where R i s  t h e  Reynold's  number, 
where v i s  t he  kinemat ic  v i s c o s i t y  of water .  
From e q u a t i o n s  (50)  till (55)  w e  g e t  f o r  t h e  l a m i n a r  f low 
For  t h e  t u r b u l e n t  f low,  Manning's formula  f o r  d e t e r m i n a t i o n  
o f  t h e  f r i c t i o n  c o e f f i c i e n t  may b e  used 
where n  i s  Manning's c o e f f i c i e n t .  
Then we g e t  
For  n a t u r a l  s o i l  s u r f a c e s ,  R.E. Norton (1938) 
found o u t  t h a t  b e q u a l s  approx imate ly  2 .  On t h e  b a s i s  o f  
l a b o r a t o r y  r e s e a r c h  w i t h  v a r i o u s  s u r f a c e s  and t h e i r  c o n f i g u r a t i o n s ,  
V.P. Singh (1975) recommended u s e  o f  c o n s t a n t  v a l u e  b  = 1.5. 
Singh found t h e  v a l u e  2 v a r i a b l e .  
Equa t ion  (16)  t o g e t h e r  w i t h  e q u a t i o n  (53)  makes it p o s s i b l e  
t o  d e t e r m i n e  t h e  unknown f u n c t i o n s  t , h .  They r e p r e s e n t  a n o t h e r  
model o f  s u r f a c e  r u n o f f  i n  t h e  form 
a'; ah ah h(x . , t )$ ; ; (x , t )  + i ( ~ , t ) ~ ( x , t )  + = ( x , t )  = r ( t )  - i ( t )  , 
T h i s  model may be  c l a s s i f i e d  a s  e m p i r i c a l - d e t e r m i n i s t i c .  
I t  r e p r e s e n t s  a  k i n e m a t i c  d e s c r i p t i o n  o f  s u r f a c e  r u n o f f .  
M.H. L i g h t h i l l  and G.B.  Whitman (1955) who used a  s i m i l a r  
model f o r  d e t e r m i n a t i o n  of f l o o d  waves c a l l e d  it e q u a t i o n s  o f  
k i n e m a t i c  wave. 
Equat ions  ( 16) and (33)  r e p r e s e n t i n g  t h e  d e t e r m i n i s t i c  
model may be  s i m p l i f i e d  by s o l v i n g  such s u r f a c e  runo f f  when 
on ly  i n n e r  and p r e s s u r e  f o r c e s  a r e  impor t an t ,  and t h e  i n f l u e n c e  
o f  p r e c i p i t a t i o n  and i n f i l t r a t i o n  a r e  n e g l i g i b l e .  On t h e  b a s i s  
o f  e q u a t i o n s  (16)  and (33)  w e  g e t  
ah -3; 
-
a G  a t  + U- + h- = 0 ,  and 
ax ax 
a i i  - a i  ah I- 
TE + uax + g  c o s a ~ =  g  s i n  a - 3 -  
These a r e  c a l l e d  e q u a t i o n s  of  a  dynamic wave. They d e s c r i b e  
t h e  d i f f u s i o n  o f  l o n g i t u d i n a l  waves i n  sha l low wa te r  and g ive  a  
p i c t u r e  n o t  o n l y  o f  s h e e t  s u r f a c e  runof f  h u t  o f  c o n c e n t r a t e d  
runof f  i n  sha l low,  b road  streambeds a s  w e l l .  
Woolhiser and L i g g e t t  (1967) showed t h a t  f o r  most t y p e s  o f  
f low, t h e  dynamic wave goes down and i s  n e g l i g i b l e  i n  comparison 
w i th  t h e  k inemat ic  wave. The e q u a t i o n s  o f  k inemat ic  wave o f f e r  
a  s u f f i c i e n t l y  e x a c t  d e s c r i p t i o n  o f  t h e  problems o f  s u r f a c e  runo f f  
and a r e  s u i t a b l e  f o r  t h e  i n v e s t i g a t i o n  of  s u r f a c e  runo f f  p roces se s .  
3.1 C a l i b r a t i o n  o f  t h e  Kinematic Model o f  Su r f ace  Runoff 
The k inemat ic  model ha s  two paramete rs ,  a  and b ,  which 
e x p r e s s  t h e  e m p i r i c a l  p a r t  o f  t h e  model. When u s i n g  t h e  model, 
it i s  neces sa ry  t o  de te rmine  t h e s e  va lue s .  
Laboratory  tests i n  a t i l t i n g  h y d r a u l i c  flume (see Holg 
e t  a l . ,  1981) showed t h a t  parameter  - a depends o n t h e  s l o p e  and 
s o i l  p r o p e r t i e s .  The r e l a t i o n  i s  exponen t i a l  and may b e  
expressed :  
f o r  c l a y  s o i l s  a  = 47.497 I 0.562 
f o r  loamy s o i l s  a  = 26.873 I 0.613 
f o r  sandy s o i l s  a  = 25.645 I 0.491 
A l l  t h e s e  a r e  c h a r a c t e r i z e d  by a  h i g h  c o e f f i c i e n t  o f  
c o r r e l a t i o n  n e a r i n g  between 0.9 and 1. 
The r e l a t i o n  o f  p a r a m e t e r  a and t h e  s l o p e  I i s  r e p r e s e n t e d  
i n  F i g u r e  3. 
I n  a n a l y z i n g  t h e  pa ramete r  b ,  it was p o s s i b l e  t o  come t o  
t h e  c o n c l u s i o n  t h a t  it  depends o n l y  on t h e  p r o p e r t i e s  o f  s o i l s  
and t h a t  it i s  p o s s i b l e  t o  c o n s i d e r  it a s  c o n s t a n t  f o r  s o i l s  w i t h  
s i m i l a r  p r o p e r t i e s .  
Parameter  b h a s  t h e  f o l l o w i n g  v a l u e s :  
f o r  c l a y  s o i l s  b  = 1.585 
f o r  loamy s o i l s  b  = 1.726 
f o r  sandy s o i l s  b = 1 . 8 5 9  . 
These v a l u e s  c o r r e s p o n d  w i t h  t h e  r e s u l t s  o f  V.P. S ingh 
(1975) who came t o  t h e  c o n c l u s i o n  t h a t  t h e y  v a r y  between 1 .0  
and 3.0 and recommends u s e  of  t h e  f i x e d  v a l u e  1.5. 
4.  CONCENTRATED SURFACE RUNOFF 
The c o n c e n t r a t e d  s u r f a c e  r u n o f f  i n  t h e  i n d i v i d u a l  e l e m e n t s  
o f  t h e  hydrograph ic  network o r i g i n a t e s  from t h e  i n f l o w  o f  w a t e r  
i n t o  t h e  network from t h e  r e s p e c t i v e  w a t e r  b a s i n .  W e  may assume 
t h a t  f u n c t i o n  qs (s, t )  i s  t h e  s u r f a c e  r u n o f f  coming from b o t h  
s i d e s  o f  t h e  e l e m e n t a r y  l e n g t h  o f  t h e  s t reambed and t h e  c r o s s -  
s e c t i o n  o f  t h i s  s t reambed i n  which w a t e r  movement i n  an  a r b i t r a r y  
p o i n t  - s i n  t i m e  - t o c c u r s  i s  P ( s , t ) .  

I f  w e  cons ide r  an e lementary s e c t i o n  of  t h e  streambed 
< s t  s + A s >  where A s > 0 ,  t h e  volume of  wate r  i n  t h e  s e c t i o n  
i n  t i m e  _t i s  
I n  time t + A t  where A t  > 0 ,  t h e  volume of  wa te r  i n  t h e  
elementary s e c t i o n  i s  
I f  5 , ~  a r e  r e c t a n g u l a r  coo rd ina t e s  on t h e  l e v e l  of  t h e  
c ros s - sec t ion  o f  stream f low, t h e  v e c t o r  of  p o i n t  v e l o c i t y  i n  
( s t  5 ,  11) i s  
where 
u  i s  t h e  component of  v e l o c i t y  i n  d i r e c t i o n  s 
S 
u5 - t h e  component of v e l o c i t y  i n  d i r e c t i o n  5 
u  - t h e  component of  v e l o c i t y  i n  d i r e c t i o n  n .  
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L e t  us d e f i n e  t h e  mean v e l o c i t y  of t h e  waterf low i n  t h e  
streambed a t  t i m e  t by t h e  r e l a t i o n  
The d i scha rge  of  wate r  i n  t h e  streambed i n  p r o f i l e  p i n  
t ime _t i s  
During t h e  t ime i n t e r v a l  <t,t  + A t >  t h e  volume 
through t h e  s e c t i o n  s + A s  f lows o u t .  
During t h e  same t i m e  i n t e r v a l  t h e  volume 
comes from s l o p e s  i n t o  t h e  same e lementary  s e c t i o n  of t h e  streambed.  
Using formulas  (661, ( 6 7 ) ,  (711, (72) and (73) w e  may w r i t e  
# 0  and come ove r  t o  I f  w e  m u l t i p l y  equa t ion  (74) by 
t h e  l i m i t  f o r  A s  + 0, A t  + 0, and us ing  t h e  assumption t h a t  
f u n c t i o n s  P, Q have con t inuous  p a r t i a l  d e r i v a t i v e s  and f u n c t i o n  
qs (s t  t) i s  cont inuous ,  we g e t  t h e  r e l a t i o n  
This  equa t ion  i s  a  l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa t ion  of 
t h e  f i r s t  o r d e r  f o r  t h e  unknown f u n c t i o n s  P  and Q. I t  i s  
t h e r e f o r e  n o t  on ly  s u f f i c i e n t  t o  determine t h e  cou r se  o f  t h e  
r u n o f f ,  b u t  a l s o  t h e  d i f f e r e n t i a l  e q u a t i o n  fo rmu la t i ng  t h e  r e l a -  
t i o n  between P and Q. Such a n  e q u a t i o n  i s  t h e  e q u a t i o n  o f  motion 
f o r  w a t e r  moving i n  a  s treambed.  I t  i s  given  by P.S. Eagleson 
(1970) i n  t h e  form 
au T + u - + g c o s  8% = g s i n e  - (1 - $ l y  a t  ax 
where U i s  t h e  mean v e l o c i t y  of  w a t e r  
0 - t h e  g r a d i e n t  ( s l o p e )  of  t h e  s t reambed 
d - t h e  wid th  o f  t h e  s treambed.  
I f  w e  c o n s i d e r  t h e  movement of  w a t e r  a s  uniform and s t e a d y ,  
e q u a t i o n  (76)  may b e  t r ans formed  i n t o  
* s i n  o , ' = pg d+2y 
e q u a l s  approx imate ly  t h e  h y d r a u l i c  r a d i u s  
where d+2y 
Using e q u a t i o n s  (48)  and (70)  w e  g e t  
which may b e  w r i t t e n  i n  a  s i m p l e r  form 
The v a l u e s  o f  a ,  b  a r e  a g a i n  pa ramete r s  which have t o  
be  determined f o r  t h e  i n v e s t i g a t e d  streambed.  P.S. Eagleson 
( 1970) recommends u se  o f  b = 3/2. The v a l u e  a - i s  r e l a t i v e l y  
changeab le  and i t s  v a l u e  must b e  determined from t h e  a n a l y s i s  
o f  e x p e r i m en t a l  d a t a .  
5. VERIFICATION OF THE DETERiiINISTIC AND KINEMATIC 
MODELS OF SURFACE RUNOFF 
5.1 The D e t e r m i n i s t i c  Model 
I n  o r d e r  t o  v e r i f y  t h e  d e t e r m i n i s t i c  model o f  s u r f a c e  
runof f  ( e q u a t i o n  3 7 ) ,  t h e  c h a r a c t e r i s t i c s  o f  s u r f a c e  runo f f  
w e r e  a s c e r t a i n e d  on an  ex pe r im e n t a l  p l o t  o f  t h e  I n s t i t u t e  on 
Water and Land Reclamation o f  t h e  C i v i l  ~ n g i n e e r i n g  F a c u l t y  a t  
t h e  Techn ica l  U n i v e r s i t y ,  Prague.  The computed c h a r a c t e r i s t i c s  
o f  s u r f a c e  r u n o f f  w e r e  compared w i t h  t h e  v a l u e s  measured on t h e  
p l o t .  An example i s  given  below of t h e  computa t ion  o f  s u r f a c e  
runof f  c h a r a c t e r i s t i c s  f o r  t h e  i n p u t  d a t a :  
- 1 
- i n t e n s i t y  o f  r a i n f a l l  r = 0.088 c m  min 
- d u r a t i o n  o f  r a i n f a l l  T  = 20 mins 
- 1 
- i n f i l t r a t i o n  i n t e n s i t y  i = 0.036 c m  min 
- v e l o c i t y  o f  impingement 
* - 1 
o f  r a i n d r o p s  v  = 6.4 m s 
- v a l u e s  f o r  d e t e r m i n a t i o n  o f  f r i c t i o n  (loamy s o i l )  
C = 1.676 B = 1.85542; 6 = -0.30406 
- s l o p e  l e n g t h  L = 20 m 
- s l o p e  g r a d i e n t  I = 44% 
The r e s u l t i n g  measured s o i l  wash i n  t h e  g ive n  s l o p e  l e n g t h  
was 5.45 kgm-2, where t h e  e r o s i o n  r i l l s  began t o  form a t  a  d i s t a n c e  
o f  8-10m from t h e  upper end o f  t h e  s l o p e .  
For  a  numer ica l  s o l u t i o n  o f  e q u a t i o n  ( 3 7 )  t o  beg in  w i t h  
t h e  d i f f e r e n t i a l  method o f  t h e  f o u r t h  o r d e r  ( t h e  Rung-Kutte 
f o u r t h  o r d e r  method) was used.  
The problem was s o lv ed  by a  computer program u s i n g  t h e  FORTRAN 
language (Appendix l ) - ~ h e  r e s u l t s  o f  t h e  s o l u t i o n  a r e  summed up 
i n  Table  2  and g r a p h i c a l l y  p r e s e n t e d  i n  F igu re  4 .  
Table 2. Results of Numerical Solution of Character is t ics  
of Surface Runoff accordina to :  
( A )  the conceptual model 
( B )  kinematic model 
I 
Flow ;'.ate 
s(cm2.s-1) 
A B 
0.087 0.087 
0.174 0.173 
0.262 0.260 
0.349 0.347 
0.436 0.433 
0.523 0.520 
0.610 0.607 
0.697 0.693 
0.784 0.780 
0.872 0.867 
0.959 0.953 
1.046 1.040 
1.133 1.130 
1.220 1.210 
1.308 1.300 
1.395 1.390 
1.482 1.470 
1.569 1.560 
1.656 1.650 
1.743 1.730 
Runoff Velocity 
u (cms- ' ) 
A B 
10.917 9.22 
14.363 12.30 
16.894 14.60 
18.968 16.50 
20.758 18.10 
22.348 19.60 
23.791 20.90 
25.117 22.10 
26.350 23.20 
27.504 24.30 
28.593 25.30 
29.626 26.20 
30.609 27.10 
31.549 28.00 
32.450 28.80 
33.317 29.60 
34.153 30.40 
34.961 31.10 
35.742 31.80 
36.500 32.50 
Distance 
from s t a r t  
of slope 
x ( m )  
1.0 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 
9.0 
10.0 
11.0 
12.0 
13.0 
14.0 
15.0 
16.0 
17.0 
18.0 
19.0 
20.0 
- # 
Depth of Surface 
Runoff 
h (mm) 
A B 
0.08Q 0.094 
0.121 0.140 
0.155 0.178 
0.184 0.210 
0.210 0.239 
0.234 0.265 
0.256 0.290 
0.278 0.314 
0.298 0.336 
0.317 0.357 
0.335 0.377 
0.353 0.397 
0.370 0.415 
0.387 0.434 
0.403 0.451 
0.419 0.468 
0.434 0.485 
0.449 0.502 
0.463 0.517 
0.478 0.533 
k  4Jr-I 
- 4 a  U  
+I U 7 - 4  
04J  4J 
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C U  X 
a, 
0 0 0 
c s+'+' 
a 
4J aDD 
m U c C  
.+ .I-4 .4 
a a 
a W k k  
- 0 0 0  
E 0 0 
-- a , U U  
x m a a  
For  loamy s o i l s ,  an  a d m i s s i b l e  maximum v e l o c i t y  o f  s u r f a c e  
- 1 
r u n o f f  i n  r e s p e c t  t o  e r o s i o n  p r o c e s s e s  i s  g i v e n  a t v c ,  = 30 cnp 
( c i t e d  by ~ o l $ ,  1980) .  I n  t h e  c a s e  examined, s u r f a c e  r u n o f f  
a c h i e v e d  this v e l o c i t y  a t  a  d i s t a n c e  o f  12.4 m from t h e  
upper end o f  t h e  s l o p e .  A t  a  d i s t a n c e  of  8-10m t h e  v a l u e s  o f  
t h e  c a l c u l a t e d  v e l o c i t y  r ange  between 25-27.5 c m s - '  . The c a l -  
3  -1 
c u l a t e d  v a l u e  o f  t h e  s u r f a c e  r u n o f f  (135.2 m h a  ) and t h e  
measured v a l u e  (1  30.7 m3ha-I) a r e  v e r y  c l o s e .  T h i s  i n d i c a t e s  
a  good a p p l i c a b i l i t y  o f  t h e  d e t e r m i n i s t i c  model o f  s u r f a c e  
r u n o f f  . 
5.2 The Kinematic  Model 
The k i n e m a t i c  model o f  s u r f a c e  r u n o f f  e x p r e s s e d  by e q u a t i o n s  
(59)  and (60)  a l l o w s  t h e  d e t e r m i n a t i o n  o f  t h e  c h a r a c t e r i s t i c s  
o f  s u r f a c e  runof f  of  w a t e r  from t h e  s l o p e s ,  i . e . , t h e  d e p t h  and 
v e l o c i t y  o f  t h e  s u r f a c e  r u n o f f  a t  an  a r b i t r a r y  p o i n t  o f  s l o p e  
and a t  a n  a r b i t r a r y  moment from t h e  s t a r t  o f  r a i n f a l l  and it 
a l l o w s  t h e  d e t e r m i n a t i o n ,  a t  a n  a r b i t r a r y  p o i n t  of  t h e  s l o p e ,  
o f  t h e  r u n o f f  hydrogram, i . e . , t h e  c h r o n o l o g i c a l  l i n e  o f  r u n o f f ,  
which i s  c l o s e l y  l i n k e d  w i t h  e r o s i o n  p r o c e s s e s .  
The c a l c u l a t i o n  o f  t h e  r u n o f f  hydrogram i s  d i v i d e d  i n t o  
t h r e e  t i m e  i n t e r v a l s .  The f i r s t  i n t e r v a l  e x p r e s s e s  t h e  a s c e n d i n g  
r u n o f f  l i n e  from t h e  s t a r t  o f  t h e  r u n o f f  t o  t h e  moment of  t h e  
a t t a i n m e n t  o f  maximum r u n o f f ,  t h e  second t i m e  i n t e r v a l  d e t e r m i n e s  
t h e  c o n s t a n t  v a l u e  o f  t h e  maximum r u n o f f  wave and t h e  t h i r d  
i n t e r v a l  d e s c r i b e s  t h e  d e s c e n t  o f  t h e  r u n o f f  ( F i g u r e  5 ) .  
By s u b s t i t u t i n g  e q u a t i o n  ( 6 0 )  w i t h  e q u a t i o n  ( 5 9 )  w e  o b t a i n  
a  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  d e t e r m i n a t i o n  o f  t h e  
r u n o f f  hydrogram which may b e  w r i t t e n  i n  t h e  form 
0 
F i g u r e  5.  Runoff Hydrogram 
The boundary c o n d i t i o n  i s  
I 
t h e  i n i t i a l  c o n d i t i o n  i s  
X 
a 
I 1 
L i s  t h e  l e n g t h  o f  t h e  s l o p e .  
Another  p r e c o n d i t i o n  o f  t h e  s o l u t i o n  is  t h a t  e f f e c t i v e  
r a i n f a l l  t h r o u g h o u t  i t s  d u r a t i o n  h a s  c o n s t a n t  i n t e n s i t y  f o r  
which it a p p l i e s  
b 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
r ( t )  - i ( t )  = ro f o r  t € < O , t >  
and 
r ( t )  - i ( t )  = 0  f o r  t > t2 , 
t 4- 
\--- 
1st segment 11 2nd segment "2 3rd  segment t ime - t 
I I 
where t2 i s  the moment o f  c e s s a t i o n  of  r a i n f a l l .  
Dura t ion  o f  t h e  r a i n f a l l  i s  such t h a t  i t  w i l l  a l l ow  forma- 
t i o n  o f  maximum s u r f a c e  r uno f f  i n  a l l  p r o f i l e s  o f  t h e  s l o p e  which 
may be  ex p r e s sed  by t h e  r e l a t i o n  
1-b L l /b  t2 > r -(-I 
o b a  
An a n a l y t i c a l  s o l u t i o n  of  e q u a t i o n  (80)  w i t h  i n c l u s i o n  o f  
c o n d i t i o n s  (81)  and (82)  i s  given  f o r  
- t h e  f i r s t  t i m e  i n t e r v a l  o f  t h e  runo f f  hydrogram 
(ascend ing  l i n e )  by t h e  r e l a t i o n  
h ( x I t )  = ro t f o r  t e < O I t l >  
- t h e  second t i m e  i n t e r v a l  o f  t h e  runo f f  hydrogram 
( r u n o f f  maximum) by t h e  r e l a t i o n  
f o r  t e < t l  It2> 
- t h e  t h i r d  t i m e  i n t e r v a l  o f  t h e  runo f f  hydrogram 
(descending l i n e )  by t h e  i m p l i c i t  f u n c t i o n  
1-b x  l / b  f o r t  ~ ' < t ~ ~ a )  I where t l  = I 
t2 i s  t h e  moment o f  r a i n f a l l  c e s s a t i o n .  
The a u x i l i a r y  e q u a t i o n s  ( 8 5 ) ,  ( 8 6 ) ,  and (87) may b e  used 
t o  de te rmine  t h e  t i m e  c o u r s e  o f  t h e  runo f f  l i n e  f o r  a n  a r b i t r a r y  
p r o f i l e  o f  t h e  s l o p e  ( r u n o f f  hydrogram).  
The v e r i f i c a t i o n  of  t h e  k inema t i c  model was made by means 
o f  a  computer program w r i t t e n  i n  B.ASIC language ($ppendix 2 )  f o r  
t h e  same i n p u t  d a t a  used f o r  t h e  c o n p u t a t i o n  o f  t h e  d e t e r m i n i s t i c  
model. 
The c a l c u l a t e d  c h a r a c t e r i s t i c s  of  t h e  s u r f a c e  r u n o f f ,  
i . e . ,  t h e  dep th  and v e l o c i t y  of  s u r f a c e  runo f f  dependent  on t h e  
d i s t a n c e  from t h e  w a t e r  d i v i d e ,  a r e  shown i n  F i g u r e  4 and p r e s e n t e d  
i n  Tab le  2 .  The dependence i s  p l o t t e d  f o r  t i m e  t = 2 5  mins. 
i . e . ,  f o r  t h e  moment o f  t h e  c e s s a t i o n  o f  r a i n f a l l  when maximum 
runof f  i s  i n i t i a t e d  i n  a l l  p r o f i l e s  o f  t h e  s l o p e .  
5 .3  D i s cu s s i o n  
A comparison o f  t h e  r e s u l t s  o f  computa t ion  of  t h e  charac -  
t e r i s t i cs  o f  s u r f a c e  r u n o f f  app ly ing  t h e  d e t e r m i n i s t i c  and 
k i n e m a t i c  models showed good agreement o f  t h e  computer v a l u e s  
i n  b o t h  c a s e s  (Tab le  2 ,  F i g u r e  4 ) .  An advan tage  of  t h e  k inema t i c  
model i s  t h e  s i m p l i c i t y  o f  t h e  computa t ion ,  combined w i t h  adea ua t e  
accuracy  o f  t h e  r e s u l t s  o b t a i n e d .  
Next t o  t h e  r e s e a r c h  p l o t ,  t h e  f e a s i b i l i t y  of  r e s u l t s  f o r  
s u r f a c e  r u n o f f  from p r e c i p i t a t i o n  acco rd ing  t o  t h e  g iven  model 
was a s s e s s e d  by comparing t h e  d a t a  o b t a i n e d  u s i n g  t h e  model w i t h  
d a t a  o b t a i n e d  by a  number o f  s p e c i a l i s t s  from measurements o f  
s u r f a c e  r u n o f f  from d i f f e r e n t  s l o p e s  i n  v a r i o u s  f i e l d  i n v e s t i g a t i o n s .  
Mircchulava ( 1 9 7 0 )  sums up t h e  r e s u l t s  o b t a i n e d  by measure- 
ments c a r r i e d  o u t  by M . D .  Koberskiy ,  M.K.  Machavariyan,  
N . I .  Manilov, L. S h ek l e i n ,  M . K .  D a r a s e l i y  and A . P .  Skaposhnikov 
i n  d i f f e r e n t  p a r t s  o f  t h e  USSR. The d a t a  a r e  g iven  i n  Tab le  3. 
The c h a r a c t e r i s t i c s  o f  s u r f a c e  runof f  w e r e  de te rmined  by 
a  k inemat ic  model f o r  i d e n t i c a l  i n p u t .  Tab le  3 shows t h a t  t h e  
r e s u l t s  o b t a i n e d  by computa t ion  o f  t h e  c h a r a c t e r i s t i c s  o f  s u r f a c e  
r u n o f f  a p p l y i n g  t h e  k i n ema t i c  model a r e  r e l a t i v e l y  good and i n  
agreement w i t h  d a t a  o b t a i n e d  by f i e l d  measurements.  
T a b l e  3. Comparison o f  C h a r a c t e r i s t i c s  o f  S u r f a c e  Runoff  o b t a i n e d  i n  F i e l d  Measurements  
w i t h  V a l u e s  d e t e r m i n e d  f r o m  Mathemat i ca l  Model 
R e s e a r c h  Leng th  G r a d i e n t  R a i n f a l l  R a i n f a l l  C o e f f i -  Runoff C h a r a c t e r i s t i c s  of S u r f a c e  Runoff I 
P l o t  I n t e n s i t y  d u r a t i o n  c i e n t  o f  
N o .  (min Runoff F i e l d  Measurements  K i n e m a t i c  Model ( m )  ( $ 1  ( c m  min-' ) (1s- ) Depth V e l o c i t y  Depth V e l o c i t y  
(mm) (m.s-1) (mm) (m.s-1) 
1 20  33.33 0.16 30  0 .03  0.016 0.10 0.16 0 .15  0 .11  
2 4 31.11 0 .10  6 0  0 .12  0 .008 0 .08  0.10 0.16 0.08 
3 10 22 .22  0 .17  2 0  0.01 0 .004 0 .03  0.14 0 .07  0.05 
4 10 22 .22  0 .17  20  0 .01  0 .003 0 .03  0.10 0.06 0.05 
5 4 20.00 0.05 6 0  0.20 0 .007  0.06 0 .12  0 .10  0 .07  
6 5 0  15.55 0.10 5 8  0.04 0 .003 0 .02  0 .12  0 .03  0 .11  
7 4 13 .33  0.10 6 0  0 .25  0 .017 0.17 0.10 0 .21  0 .08  
8 4 13.33 0.05 6 0  0.20 0 .007 0.06 0 .12  0 .12  0.06 
9 2 0  12.06 0 .01  179 0.11 0 .005 0 .05  0.10 0.10 0.05 
1 0  4 6.66 0 .10  60  0.46 0 .030  0.25 0 .12  0 .38  0 .08  
1 1  40  6 .66  0.05 6 0  0.17 0 .057 0 .48  0.12 0 .55  0 .10  
6. APPLICATION OF THE KINEMATIC MODEL I N  A WATERSHED 
I n  s t u d y i n g  t h e  geometry o f  a wa te r shed  w e  may come t o  t h e  
c o n c l u s i o n  t h a t  b e s i d e s  t h e  s l o p e s  which may b e  approximated by 
a p l a n e  w e  have t h e  convergen t  s l o p e s  which may b e  b e s t  
approximated by p a r t  o f  a cone s u r f a c e  ( F i g u r e  6 ) .  They 
a r e  u s u a l l y  c l o s e  t o  t h e  wa te r shed  i n  i t s  upper p a r t .  
Research o f  t h e  s u r f a c e  runo f f  from a convergen t  s l o p e  was 
c a r r i e d  o u t  by Singh (1975) under  l a b o r a t o r y  c o n d i t i o n s .  I ts  
aim was t o  tes t  t h e  r e s p e c t i v e  mathemat ica l  models o f  r u n o f f ,  
e s p e c i a l l y  t h e  k i n em a t i c  model based on e q u a t i o n  (53)  and on 
e q u a t i o n  o f  c o n t i n u i t y  i n  t h e  form 
where L i s  t h e  d i s t a n c e  o f  t h e  upper end o f  t h e  convergen t  
s l o p e  from i t s  middle  p a r t  (F igu re  6 ) . 
V.P.  Singh (1975) o b t a i n e d  d a t a  on t h e  c h a r a c t e r i s t i c s  
o f  s u r f a c e  r u n o f f  f o r  50 d i f f e r e n t  geomet r i c  c o n f i g u r a t i o n s  o f  
convergen t  s l o p e s .  From t h e s e  d a t a  h e  de te rmined  paramete r s  
a ,  b .  H e  came t o  t h e  co nc lu s ion  t h a t  pa ramete r  b - i s  r e l a t i v e l y  
s t a b l e  w h i l e  p a r am e t e r  - a i s  v e r y  s e n s i t i v e  t o  t h e  c h a r a c t e r i s t i c s  
o f  r a i n f a l l  and compos i t ion  o f  t h e  s l o p e .  
The v a l u e s  o f  pa ramete r  b - f l u c t u a t e d  between 1 and 3 ,  and 
Singh (1975) recommended u s e  o f  a f i x e d  va lue  b = 1.5  and 
s u g g e s t ed  t h e  model be  c o n s i d e r e d  a s  a one-parameter  model, w i t h  
a s i n g l e  pa ramete r  - a .  
F i g u r e  6 .  Convergent S lope  
The mathemat ica l  model o f  t h e  s u r f a c e  runof f  from t h e  
convergen t  s l o p e  ex p r e s sed  by e q u a t i o n s  (53)  and (89)  may be  
w r i t t e n  a s  a  s i n g l e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
ah b-1 ah ah  b  
- + abh - = r-i - a t  ax L-x 
w i t h  one  unknown f u n c t i o n  f ( x ,  t)  ; t h e  f u n c t i o n  q  may b e  o b t a i n e d  
from e q u a t i o n  ( 5 3 ) .  
For  t h e  s o l u t i o n  o f  e q u a t i o n  (90) a numer ica l  scheme 
was used. 
I n  Appendix 3, t h e  BASIC language f o r  s o l u t i o n  o f  e q u a t i o n  
(9  1  ) , f o r  example, 
4 n t  - 1  5.10 ( l + s i n m ) ( c m s  ) f o r  t e < O 0 1 8 O >  ( s )  
r ( t )  - i ( t )  = 
O f o r  t > 180 (s)  
was used.  A s  i n p u t  d a t a ,  v a l u e s  a  = 286.67, b = 1.6787, and 
L = 23 m were used.  
APPENDIX 1  
REAL K ( 4 )  
DIMENSION A ( 3 ) ,  B ( 4 ) ,  D ( 5 ) ,  W ( 4 ) ,  X ( 4 ) ,  Z ( 4 )  
F (S,  Y) = (A1 xSXY-A2xS-A~xY-A~xSXXATXYXXBT+A~XYXY) / (RxSXYXY- 
A2xSxS/Y-A3xS)  
A ( 1 )  = 5 
A ( 2 )  = 5 
A ( 3 )  = 1  
W ( 1 )  = 1 . / 6 .  
W ( 2 )  = 1 . / 3 .  
W ( 3 )  = W ( 2 )  
W ( 4 )  = W ( 1 )  
B ( 1 )  = 3./8. 
B ( 2 )  = 3 7 . / 2 4 .  
B ( 3 )  = 5 9 / 2 4 .  
B ( 4 )  = 5 5 . / 2 4 .  
G = 9 8 0 . 6 6 5  
R E A D ( I I 1 ) R D I  VSAK, VK, SA,  C T I  A T I  BT 
FORMAT ( 7 F 1 0 . 6 )  
R  = RD-VSAK 
RE = RD/60 
R  = R / 6 0  
VK = V K x 1 0 0 .  
R E A D ( 1 , 2 ) X P ,  YPI  H I  DT, XK 
FORMAT ( 5 F 1 0 . 4 )  
XP = 100.xXP 
DT = 100.xDT 
XK = 100.xXK 
TI = XP+DT 
WRITE (3,151 
FORMAT (///5X, 32HPRUBEH RYCHLOSTI ODTEKAJICI VODY////) 
WRITE (3,17) 
FORMAT (4X, 4HX(M), 4X, 5HH(CM), 7X, 17HV(CM/S) Q(CM/S)/) 
Q = RxXP 
HL = Q/YP 
TISX = XP/100. 
WRITE(3,16)TISXI HL, YPt Q 
A1 = GxRxSA 
CA = SQRT(1-SAXSA) 
A2 = GxRxRxCA 
A3 = RxCAxRDxVK 
BT = BT-AT+2. 
A4 = CTxRxxAT 
A5 = RDxVKxSA 
Z(1) = YP 
DO 3 I = 1,4 
X (I) = XP+HxFLOAT (I- ) 
DO 4 J = 1,3 
K91) = F(X(J),Z(J)) 
DO 5 I = 1,3 
Y = Z(J)+A(I)xK(I)xH 
V = X(J)+A(I) xH 
K(I+1) = F(V,Y) 
Z(J+1) = Z (J) 
DO 6 I = 1,4 
Z (J+1) = Z (J+l)+W(I)xK(I)xH 
CONTINUE 
DO 7 I = 1,4 
D(1) = F(X(I)tZ(I)) 
v = X(4) 
Y = Z(4) 
S = 0. 
DO 8 I = 1,4 
S = S+D(I)xB(I) 
Y = Y+HxS 
V = V+H 
D(5) = F(V,Y) 
DO 91 = 1,4 
D(1) = D(I=I) 
IF(V.LT.~I)GO TO 1 0  
TI = TI+DT 
Q = RxV 
HL = Q/Y 
TISX = V/100. 
WRITE (3,16)TISX, HL, Y, Q 
FORMAT (/3XI F5.1, 3Xt F6.3, 3Xf F11.6, 3Xf F7.2) 
IF(T1 .LE.XK)GO TO 10 
STOP 
END 
A P P E N D I X  2 
D I S P  " R  - 1 ="; 
I N P U T  R  
P R I N T  "R-I="R"CM/MIN1 '  
R = R / 6  0 
D I s P  "1="; 
I N P U T  L 
P R I N T  "L=L1'M" 
L = l O O X L  
D I S P  'I SKLON=I1 ; 
I N P U T  I 
P R I N T  I1SKLON=" I " $ 
A=Ixx0.61327333~26.8734796 
B = 1 . 7 2 6 5 8 0 8  
D I S P  " T = " ;  
I N P U T  T 
P R I N T  " T = " T " M I N "  
T = 6 O x T  
IF T <  ( R X L / A ) X X ( I / B ) / R  THEN 1 4 0  
D I S P  "X=";  
I N P U T  X  
P R I N T  "X="X"M1' 
W R I T E  ( 1 5 , 2 3 0 ) X  
FORMAT 5 / , 3 X , " X = " , F 4 . 0 ,  " M n , /  
X  = 1 0 0 x X  
H  = ( R x X / A ) x x ( l / B )  
S = H/R 
Q = AXHXXB 
U = Q/H 
M = INT(S/60) 
WRITE (15,310) M,S-60xM,Q.H,U 
FORMAT F6.Q,F3.Q,SE12-2 
M = 1NT(T/60) 
WRITE (15,310) M,T-60xM,Q.H,U 
D = H/10 
FOR 3 = 1 TO 9 
H = H-D 
s = T+ (x-HXXBXA/R) /HXX (B- 1 ) XAXB) 
Q = AxHxxB 
U = Q/H 
M = INT(S/60) 
WRITE (15,310) M,S-60xM,Q,H,U 
NEXT J 
GOT0 190 
END 
APPENDIX 3 
L(M) = 23 DX (CM) = 20 DT(SEC) = 0.1 
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